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Evidence of ‘‘new hot spots’’ from determining the
nonlinear optical behavior of materials: mechanistic
studies of the vanadium borate crystal, Na3VO2B6O11†

Xin Su,ab Zhihua Yang,*a Ming-Hsien Lee,ac Shilie Pan,*a Ying Wang,ab Xiaoyun Fan,a

Zhenjun Huangab and Bingbing Zhangab

A novel mechanism for the nonlinear optical (NLO) effects of vanadium borate crystals, Na3VO2B6O11

(NVB), with distorted VO4 groups was investigated. A comprehensive analysis of the structure–property

relationship was performed by combining the experimental measurements, the electronic structures

calculations, the SHG-weighted electron density and the real-space atom-contribution analysis to yield

the linear and nonlinear optical properties. The contribution of a (VO4)3� anionic group to the second

harmonic generation (SHG) response was more pronounced than that of the (BO3)3� anionic group, which

plays a virtual role in the SHG effects in NVB. The anionic (BO3)3� groups make dominant contributions to

the birefringence, whereas the contribution of the V5+ cations to these linear optical effects is negligible.

Introduction

Borate materials, which are crystallographic noncentrosymmetric
(NCS), have attracted considerable interest for their potential
characteristics, especially in the second-order nonlinear optical
(NLO) activity.1–17 Introducing NCS building units has become an
extremely important way of obtaining NCS structures,18,19–24 such
as acentrically distorted units with octahedral coordinated d0

transition metals (Nb5+, V5+, etc.) or lone-pair active cations
(Pb2+, Bi3+) due to the second-order Jahn–Teller (SOJT) effect.25

Although it has been reported that SOJT distortions are not the
only displacement presence in d0 materials,26 an a d0 transition
metal cation may also distort tetragonally along the C4 axis.27

Introducing a d0 transition metal V5+ into borates can promote
the formation of new NCS borate materials. Several vanadium

borates, such as Na3VO2B6O11
28 and K2SrVB5O12

29 with non-
SOJT-type distortion exhibit interesting NLO properties.

The existence of vanadium borate, Na3VO4B6O9, was first
obtained in early 2000 by Touboul et al. in the course of their
investigation of heating a mixture of Na2CO3�H2O, V2O5, and
H3BO3.28 In 2010, the single crystal of Na3VO4B6O9 was grown
and the crystal structure was described by our group.30–32 The
formula, Na3VO4B6O9, has been changed to Na3VO2B6O11 (NVB)
according to its anionic structure.32 NVB crystallizes in the
space group, P212121, with cell dimensions, a = 7.7359(4) Å, b =
18.744(9) Å, c = 12.5697(0) Å, and Z = 4. As shown in Fig. 1, this
structure has a three-dimensional framework comprised of
B6O11 units, VO4 tetrahedra, NaO7 and NaO8 polyhedra. The
hexa-borate B6O11 unit consists of three BO4 units and three
BO3 units are joined together through corner-sharing O atom
forming. The VO4 tetrahedra and sodium atoms are distributed
in the channels of the two-dimensional (2D) network of the B–O
groups.31

Recent investigations by our group on the linear and non-
linear optical (NLO) properties of NVB have highlighted this
crystal as a promising material for the SHG effect that gives a
similar response to that of KDP, as well as a wide transparency
range from 370 to 3000 nm with the shortest SHG wavelength at
427 nm.32 Considering the origin of the NLO effects in NVB, it
is interesting and meaningful to grow a large single crystal and
further investigate its structure–property relationship. Since
NVB was first reported by Touboul et al.,28 to the best of our
knowledge, there have been no theoretical studies on the linear and
NLO properties of NVB compound until now, and the mechanism
of the SHG response for NVB is still an open question. Thus far, a
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tentative viewpoint on the origin of the NLO effect of NVB is that
there is structural distortion and d0 transition metal V5+ in the
VO4 asymmetric coordination environments in the crystal.31,32

In recent years, ab initio energy-band calculations of the
linear and nonlinear optical effects for b-BaB2O4 (BBO),33 LiB3O5

(LBO), CsB3O5 (CBO), CsLiB6O10 (CLBO),34 KBe2BO3F (KBBF),35

BaAl2B2O7 (BABO), K2Al2B2O7 (KABO),36 BiB3O6 (BIBO),37

NaNO2,38 and KH2PO4 (KDP)39 have been reported along with
a satisfactory explanation of the mechanism of NLO effects. In
this work, we employed CASTEP,40 a plane-wave pseudopotential
total energy package, to calculate the electronic band structures,
and the linear and nonlinear optical properties of the NVB
crystal. In addition, combined with the SHG-weighted electron
density analysis and the real-space atom-cutting technique, this
study analyzed the respective contributions of various transitions
among the cations and anionic groups to the optical responses
of NVB. In this contribution, we used the above calculation
method to analyze the electronic band structures and the
mechanism for the linear and nonlinear optical properties of the
NVB family and obtain some useful results, which are essential to
the design, and search for new NLO crystals. The virtual transition
processes between the V cations and neighbor O anions have much
larger contributions to the SHG effects compared to the (BO3)3�

anionic groups, even though the latter microscopic units make a
dominant contribution to the birefringence in NVB.

Methods and computational details

The first-principles calculations were performed using the
plane wave pseudopotential method in the CASTEP package40

based on the density functional theory (DFT).41 In the present
study, the generalized gradient approximation (GGA) with the
Perdew–Burke–Ernzerhof (PBE) functional and the norm-conserving
pseudopotential were adopted.42–44 The kinetic energy cut-offs
of 750.0 eV and Monkhorst–Pack k-point meshes45 (4 � 3 � 3)
with a density of 0.025 Å�1 in the Brillouin zone (BZ) were chosen.

The convergence tests showed that the above computational
parameters were sufficiently accurate for the present purposes.
Moreover, to account for the effects of localized d orbitals in the
transition element, the LDA + U method with the on-site orbital
dependent Hubbard U46,47 energy term for V was employed for
the electronic structure calculations. Different U potentials from
2 to 10 eV for V atoms were adopted for the test calculations. The
results showed that the choice of U potential has little influence
on the calculated optical properties because it just affects the
position of the V 3d orbitals located mainly in the energy region
away from the band gap. Although NVB crystals contain a
transition metal V, there is no need to use U because the band
gap is already reproduced fairly well. This result is similar to a
recent study on another material, YAB.48

The linear optical properties of NVB are determined by the
frequency-dependent dielectric function, e(o) = e1(o) + ie2(o),
which is connected mainly to the electronic structures. The
imaginary part, e2(o), of the dielectric function, e(o), is calculated
from the momentum matrix elements between the occupied and
unoccupied electronic states and is given by49

e2 q! Oû; hoð Þ ¼ 2e2p
Oeo

X

kcv

jc
k u � rj jjv

k

���� ��2d Ec
k � Ev

k � E
� �

(1)

The real part, e1(o), can be obtained from the imaginary part,
e2(o), by the Kramers–Kronig transformation. All other optical
constants, such as the absorption spectrum, refractive index
and reflectivity, are derived from e1(o) and e2(o).50

Furthermore, to analyse the contribution of the relevant
groups to the linear and nonlinear optical properties, and to
gain further insight into the structure–property relationship,
SHG-weighted electron densities analysis51,52 and the real-space
atom-cutting method53 were adopted to analyse the origins of the
nonlinear optical response of NVB for the first time. The theoretical
methods were applied with success in a previous study to analyse
the linear refractive indices and SHG coefficients of the NLO
crystals.54–59

Results and discussion
A. VO4 distortion

The geometric parameters of the NVB crystal are given above32

and the basic structural features are shown in Fig. 1. To further
improve the understanding of the structure–property relationships,
we analysed the structure of the distorted VO4 tetrahedra. The
distortions of the VO4 tetrahedra are influenced not only by the
electronic structure of cation V5+ but also by the structure of the
bond network, lattice in-commensuration, and cation–cation
repulsion,53,60 the probable reasons are as follows: (1) In the
lattices, the metal V5+ ions occupying the Wyckoff 4a positions
employ the 4-fold Td site in the distorted tetrahedra environment of
(VO4)3�, with a V–O bond length in the range of 1.6376–1.8557 Å.
For comparison, a similar result was obtained for the VO4

tetrahedron, where the mean value of 1.7265 Å (Table S1, ESI†)
corresponds to the mean values found in vanadate, such as
CrVO4,61 1.7256 Å; InVO4,62 1.7263 Å, In0.6Li1.2VO4,63,64 1.7220 Å

Fig. 1 Ball-and-stick representation of NVB, B6O11, VO4, NaO7, and NaO8

groups in the three-dimensional network. (a) The BO3 triangle and BO4 form
B6O11 polyhedra. (b) The different coordinations of the NaOn (n = 7, 8) and
VO4 groups, respectively. (c) The black arrows represent the direction of the
two-dimensional network of NVB viewed down the a-axis. The Na, V, B, O
atoms are drawn as black, green, red, and blue balls, respectively.
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and CuMnVO4,65 1.7290 Å. (2) The V–O(12), V–O(13) distances of
1.6600 and 1.6610 Å are shorter than those of V–O(1) and V–O(2);
1.8460 and 1.7690 Å, respectively, as shown in Fig. S1 (ESI†). (3)
The O(1)–V–O(2) angle of 1201 was deviated significantly from
1091 for a perfect tetrahedron, which is due to the polar
displacement of a d0 cation, V5+. VO4 with an apparent displace-
ment from the center of the tetrahedron may become the
dominant NLO active factor in the SHG response, which can
be proved quantitatively by the results of ab initio calculations of
the SHG-density and the real-space atom-cutting method.

B. Mulliken atomic population analysis

Mulliken population analysis was performed to gain more
insight into the bonding character and to explain the charge
transfer in NVB. The calculated results show that the B–O and
V–O bonds have more covalent character than the other bonds
(Table 1). A greater Mulliken atomic charge assures ionic
bonding and a smaller Mulliken atomic charge demonstrates
the presence of a covalent bond between the atoms. The atomic
charge values of Na, B, O and V are 1.15–1.17, 0.79–0.83, �0.56
to �0.73, and 0.72, respectively. The charge transfer between O
and Na is 1.94, which is larger than those between O and B and V,
which indicates the ionic character of the bonds between O and Na
atoms, and the covalent nature between O and B and V bonds.
From the atomic charge, we can determine the percentage ionic
character.

The bond distances and calculated Mulliken overlap populations
Q are listed in Table 2 to better understand the bonding behavior of
NVB. Bond order analysis showed that the Na–O, B–O and V–O bond
have values of 0.03–0.07e, 0.56–0.88e and 0.50–0.82e, respectively. In
NVB crystal, sodium is characterized by a small overlap population,
which further indicates an ionic bond. Therefore, the B–O and V–O
bonds show more covalent character than the Na–O bonds.

C. Band structure and density of states

To perform the electronic structure calculations, the experimental
crystal structure was adopted initially and then optimized computa-
tionally. The resulting unit cell parameters and atomic positions
were found to be close to those obtained experimentally. The
calculated electronic energy band structure along the high symmetry
directions in the BZ is displayed in Fig. 2a. Fig. 2a shows that both
the conduction band minimum (CBM) and the valence band

maximum (VBM) are located at point G, resulting in a direct
band gap of 3.28 eV (see Table S2, ESI†), while the corresponding
experimental data is 3.35 eV. Moreover, an attempt was made to
use other kinds of pseudopotentials to calculate the bands; no
apparent change in the results was observed.

As the energy gap is an important issue for the optical
property, we paid more attention to obtaining an energy gap
closer to the experimental values. To gain a deeper under-
standing of the band structure features, we plotted slices of
the orbital density of the conduction bands (CB) and valence
bands (VB) near the band gap, as shown in Fig. 2b. The bands
near the band gap were determined from the V–O hybridization
states sited at the CB and the states from O and B sited at the VB.
In addition, V, B and the neighboring O atoms are characterized
by the strong overlap population, which indicates the apparent
covalence behaviors agreeing with the data listed in Table 2.

In the present theoretical calculation, the transitions from
the occupied states to the unoccupied states were considered.
Useful information can be gained from the partial density of
states (PDOS), such as the hybridization of states, bonding
nature and contribution of orbitals to the electronic band
structure. Fig. 3a displays the density of states (DOS) and the
partial (PDOS) of the respective species in NVB. The electronic
property was obtained by analysing the highest occupied orbitals
and lowest unoccupied orbitals in conjunction with the optimized
atomic structures. The corresponding calculated optical absorption
coefficient spectrum a is shown Fig. 3b. The highest occupied and
lowest unoccupied state levels, respectively, come from non-bonding
O-2p from the Fermi Level (FL) to about�0.8 eV and the V–O orbits,
as shown in Fig. 3c and d. The energy range from �0.8 to
�3.0 eV in the VB region has significant contributions from
O-2p mixing with the V-3d and B-2p states. In the energy region
from�3.0 eV to�9.0 eV, however, the contributions of B-2s and
B-2p are apparent in addition to the O-2p states. As for the CBs,
the bands above the FL are derived mainly from V-3d, O-2p,
B-2p states with a slight contribution of s and p orbitals of Na.
Fig. 3 shows that electronic transitions from the VBs to the CBs
mainly dominate the intrinsic UV absorption, a, which exhibits
many prominent peaks due mainly to the energy subbands.
Fig. 3 also shows that the position of the non-bonding oxygen

Table 1 Mulliken charge population of Na3VO2B6O11

Atom Na B O V

Population 1.15–1.17 0.79–0.83 �0.56 to �0.73 0.72

Table 2 Bond distances, d, and Mulliken overlap populations, Q (|e|), for
the characteristic atomic pairs in Na3VO2B6O11

Value atomic pair Bond distances d (Å) Overlap populations

Na–O 2.6814(6)–2.3930(3) �0.03–0.07
B–O 1.5277(0)–1.3683(7) 0.56–0.88
V–O 1.8444(5)–1.6604(2) 0.50–0.82

Fig. 2 Electronic band structure along the high-symmetry k-points
(G–Z–T–Y–S–X–U–R) of NVB (left), the highest occupied state was set
to 0 eV. The corresponding projected wave function at special energy
regions (right): the above and below diagrams are the projected charge
density contours of the VO and BO groups, respectively.
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and V–O orbits has determines the band gap of the NVB
crystals.

D. Optical response

The refractive indices measured by the minimum deviation
technique show that NVB is a positive biaxial optical crystal.
The calculated refractive indices consist of the experimental
ones. The obvious optical anisotropy characterized by nz–nx is
exhibited in Fig. 4 and Table S3 (ESI†). The calculated and
experimental dispersion curves of the refractive indices also
display a moderate birefringence around 0.05 at 1064 nm. For
practical applications of the NLO crystals as a frequency con-
verter, it should allow the fundamental radiation to remain in
phase with those second-harmonic generated, i.e., the phase
velocity must be the same for both the second harmonic and
the fundamental waves.66 The phase-matching conditions have
been deduced from the calculated refractive indices, as shown
in Table S4 (ESI†), which confirms that NVB is phase matchable
to the SHG of the 1064 and 532 nm lasers.

The sum-over-states type formalism was proposed to evaluate
the SHG coefficients.67,68 The second-order coefficients, dij, were

calculated under the static limit within the length gauge.69,70

There are three nonzero components of the second-order polariz-
ability tensor, namely d14 = d25 = d36, due to the symmetry of NVB.
The calculated SHG coefficient, |d14|, is 0.45 pm V�1. The |d SHG

eff |71

of NVB crystal for type-I PM in the ZX and YZ planes at the 1064 nm
fundamental wavelength are approximately 0.44 pm V�1 and
0.16 pm V�1, respectively (formulae shown in Table S4, ESI†).
These coefficients are very close to the experimental powder SHG
effect value, which is similar to that of KDP (KH2PO4, |d SHG

eff | E
0.38 pm V�1). Herein, this agreement, as well as other accuracy
test results shown in Fig. S3 (ESI†) reconfirmed the validity of
this choice of gradient generalized approximation (GGA)
approximation in the current study.

E. The SHG-weighted electron densities and real-space atom
cutting

We plotted the SHG-weighted electron densities of NVB in
Fig. 5. Here we only considered the virtual-electron (VE)
because they make dominant contributions to the SHG effects
(almost 90% of the total value) in NVB.72–75 Analogous to the
alkali metal or alkali earth metal ions in the KBBF-type UV
borate NLO crystals, including KBBF,35 KABO, BABO,36 and
BABF,52 the Na cations of NVB both in the occupied and
unoccupied states have strong ionic characteristics resulting in a
spherical symmetric distribution, which shows almost no effect on
SHG. The occupied states contributing to SHG come mainly from
the B-2p and O-2p orbitals, whereas the unoccupied states are
mainly from the V-3d as well as partial B 2p orbitals. This means
that the VE processes from the O valence states to the V and B
conduction states determine the SHG effects in NVB.

The real-space atom-cutting method was used to investigate the
respective contributions of the anionic groups to the birefringence
and SHG response of NVB.76 Based on the electron density and
SHG-weighted electron density analysis results,50,77 the microscopic
units can naturally be categorized as follows: Na+ cations, (BO3)3�,
(BO4)5� groups, and (VO4)3� groups. The cutting radius of Na was
found to be 0.95 Å by investigating the charge-density distribution
between the nearest Na and O ions. Following the rule, the cutting
radii for the boron, vanadium and oxygen atoms were chosen to
be 0.88 Å, 1.2 Å and 1.1 Å, respectively. Table 3 shows that the
contribution of the (VO4)3� group to the refractive indices is
comparable to that of the Na+ cations, and the (BO3)3�, (BO4)5�

groups. In contrast, the contributions of (VO4)3� to the birefringence
are only about 6.43%, and the contributions of the (BO3)3� and
(BO4)5� anionic groups are also 46.70%, respectively. In addition, the

Fig. 3 DOS (a), absorption spectrum (b), the energy range of the specific
orbitals of the NVB crystals shown in (c), (d).

Fig. 4 Calculated and experimental refractive index dispersion (white
patterns). The data was fitted using the Sellmeier equations (see in
eqn (S2)–(S4), ESI†).

Fig. 5 Occupied states (left) and unoccupied states (right) in the d14

SHG-densities of the NVB crystal in the VE process.
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Na+ cations contribute more than 11.55% to the anisotropy of
the refractive indices. The sum of the contributions from the
groups is larger than the original calculated value due to the
repeated calculation of the wave-functions of some shared
oxygen atoms, otherwise they should be almost equal like the
situations in KBe2BO3F2, with individual BeO3F and BO3

groups.68 The overlap calculation will not affect the contribution;
therefore, for the birefringence of NVB, the relationships of the
contribution are (BO4)5�–(BO3)3� 4 Na+–(VO4)3�.

Comparatively and interestingly, the contributions from the
ions and atomic groups to the SHG response are very different from
that to the refractive indices and birefringence. This atom-cutting
analysis reveals quantitatively that the main SHG contribution from
(BO3)3� and (VO4)3� groups is much larger than those from the Na+

cations and (BO4)5� groups, and the corresponding contributions
from the groups, (VO4)3� and (BO3)3�, to the overall SHG coefficient
are about 50.61% and 44.34%, respectively, which are significant
larger than other groups in NVB, with the sequence, (VO4)3� 4
(BO3)3� 4 (BO4)5� 4 Na+ for the SHG response. Therefore, as
indicated in the above-mentioned discussions for the NVB crystal,
the (BO3)3� or (BO4)5� group is one but not the only one reason for
the large NLO effects. The NLO effects originate mainly from the
‘‘new hot spots’’ in the NVB, (VO4)3� anionic groups.

F. The ‘‘new hot spots’’ as (VO4)3� groups

According to anionic group theory,76 the nonlinear optical effects
mainly come from (BO3)3� with a small contribution from (BO4)5� in
the borate crystals.34,77 In addition, the distorted MO4 tetrahedron
groups, such as (PO4)3�, (SiO4)4�, (ZnO4)4�, and (AlO4)5� are often
employed to design new NLO materials. On the other hand, the
(PO4)3�, (SiO4)4�, (ZnO4)4�, and (AlO4)5� anionic groups make little
contribution to the overall microscopic second-order susceptibilities
compared to the B–O groups.78–82 In this paper, using SHG-weighted
electron density analysis and the real-space atom-cutting technique,
the origin of the nonlinear optical properties of NVB was
investigated. As indicated in the above mentioned discussions,
the NLO effects of the NVB crystal originate mainly from (VO4)3�

rather than (BO3)3� and (BO4)5�.
It should be noted that a similar result was obtained in the

BIBO37 and YAl3(BO3)4 (YAB),48 in which the contributions from
the (BiO4)5� and (YO6)9� groups dominate the microscopic
second-order susceptibilities. SHG density analysis showed that both
Bi and Y cations are not spherical but form significant covalent
chemical bonds with the neighbouring O anions, establishing the

(BiO4)5� quadrangular pyramids15 and deformed (YO6)9� octa-
hedra48 as ‘‘hot spots’’; their contribution to the NLO effect is
also much larger than that of the (BO3)3� groups in BIBO and
YAB, respectively.59 Therefore, the real-space atom-cutting technique
shows that the NLO effect in these crystals does not originate mainly
from the B–O anionic groups, and the contribution from the Bi–O or
Y–O groups is even more important. The fact that the contribution of
the distorted (VO4)3� groups is larger than that of (BO3)3� provide
‘‘new hot spots’’ in that in addition to the (BiO4)5� quadrangular
pyramids and deformed (YO6)9� octahedra, distorted (VO4)3� groups
can also be used to design new NLO compounds with enhanced
SHG coefficients.

Conclusions

On a theoretical front, this comprehensive ab initio study of the
linear and nonlinear optical properties of NVB agrees very well
with the experimental observations. The top of the valence
bands are dominated by the O 2p orbitals, while the bottom
of the conduction bands are composed mainly of V 3d and B 2p
orbitals. Based on the electronic structure, the refractive
indices and SHG coefficients were calculated, which are in
good agreement with the experimental values. The combined
SHG-weighted electron density analysis with the real-space
atom-cutting method showed that the (BO3)3� anionic groups
have a dominant contribution to the linear optical properties,
while the (VO4)3� tetrahedra play a virtual role to the SHG
effects in NVB. The theoretical results not only demonstrate
that NVB is a potential SHG material for blue wavelength
applications, but also identified ‘‘new hot spots’’, (VO4)3�, in
addition to the well-known (BO3)3� that was proven to produce
large microscopic second-order susceptibilities in this crystal,
which is an important indication for future material design.
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